Abstract. We prove a restriction isomorphism for Chow groups of zero-cycles with coefficients in Milnor K-theory for smooth projective schemes over excellent henselian discrete valuation rings. Furthermore, we study torsion subgroups of these groups over local and finite fields.
Introduction
Let O K be an excellent henselian discrete valuation ring with quotient field K and residue field k = O K /πO K and always assume that 1/n ∈ k. Let X be a smooth and projective scheme over SpecO K of fibre dimension d. Let X K denote the generic fibre and X 0 the reduced special fibre. By X (p) we denote the set of points x ∈ X such that dim({x}) = p, where {x} denotes the closure of x in X.
We call the groups coker(⊕ x∈X
) as well as the higher Chow groups
and
Chow groups of zero-cycles with coefficients in Milnor K-theory. We will see in section 2 that the groups coker(⊕ x∈X
) and CH j (X, j −d) depends on the Gersten conjecture for a henselian DVR for higher Chow groups if we work integrally. However, which is sufficient for our purposes, they are isomorphic if considered with finite coefficients (see section 2) .
In this article, we study the restriction homomorphism on higher Chow groups res CH : CH j (X, 2j − i) − → CH j (X 0 , 2j − i)
for i − j = d. The restriction homomorphism res CH is defined to be the composition
Here ·(−π) is the product with a local parameter −π ∈ CH 1 (K, 1) = K × defined in [2, Sec. 5] and ∂ is the boundary map coming from the localization sequence for higher Chow groups (see [17] ). We call the composition
a specialisation map and denote it by sp CH π . We note that res CH is independent of the choice of π whereas sp CH π depends on it. For more details see [7, Sec. 3] or [18] . We denote higher Chow groups with coefficients in a ring Λ by CH j (X, j − d) Λ . Our main result is the following: Theorem 1.1. Let Λ = Z/nZ. Then the restriction map
is an isomorphism for all j.
This was conjectured in [15, Conj. 10.3] by Kerz, Esnault and Wittenberg. More precisely, they conjecture that the corresponding restriction homomorphism for motivic cohomology res :
We note that the case j = d was first proved in [23] assuming that k is finite or separably closed and then generalised to arbitrary perfect residue fields in [15] using an idea of Bloch put forward in [8] .
For j = d + 1 and k finite, theorem 1.1 also follows from the Kato conjectures. In fact, Jannsen and Saito observe that for j = d + 1 and k finite, the étale cycle class map
where KH 0 a (X, Z/nZ) denotes the homology of certain complexes C 0 n (X) in degree a defined by Kato. For more details see section 3. Theorem 1.1 implies the following two well-known corollaries:
Corollary 1.3. Let X be a smooth projective scheme over an excellent henselian discrete valuation ring O K with finite or algebraically closed residue field. Then
In the last section, we turn to torsion questions for Chow groups of Zero-cycles with coefficients in Milnor K-theory. We show the following two propositions: Proposition 1.4. Let X be a smooth and proper scheme over a local field K. Let n > 0 be a natural number prime to the characteristic of K. Then for all j ≥ 1 the groups
are finite.
Proposition 1.5. Let X be a smooth projective scheme of dimension d over a finite field k of characteristic p > 0. Then the group
is finite.
called the specialisation map. Note that sp π , unlike ∂, depends on the choice of a local parameter in K and that ∂({u 1 , u 2 , ..., u n }) = 0, if u i ∈ A × for all 1 ≤ i ≤ n. We now return to the situation of the introduction: Let O K be an excellent henselian discrete valuation ring with quotient field K and residue field k = O K /πO K and always assume that 1/n ∈ k. Let X be a smooth and projective scheme over SpecO K of fibre dimension d. Let X K denote the generic fibre and X 0 the reduced special fibre. By X (p) we denote the set of points x ∈ X such that dim({x}) = p, where {x} denotes the closure of x in X.
We use the following notation for Rost's Chow groups with coefficients in Milnor Ktheory (see [21, Sec. 5] ):
be the corresponding groups supported on cycles in good position, i.e. the sum is taken over all x ∈ X (p) such that {x} is flat over O K . Note that C k (X, −k) = Z k (X) ⊗ Z/nZ, the group of k-cycles on X, i.e. the free abelian group generated by k-dimensional closed subschemes of X, tensored with Z/nZ.
Let now π be a local parameter of O K . We define the restriction map
to be the composition
where
is defined to be the identity on all elements supported on X (p) \ X 0(p) and zero on X 0(p) and ∂ is the boundary map induced by the tame symbol. For the fact that this composition is compatible with the corresponding cycle complexes see [21, Sec. 4] . For a detailed discussion of res see [18, Sec. 2] . We just recall that the restriction map res π depends on choice of π but the induced map res :
is independent of such a choice. From now on, we will fix a π ∈ O K and write res instead of res π . We now prove the identifications of the two versions of Chow groups of zero-cycles with coefficients in Milnor K-theory stated in the introduction. (
Proof. In [2, Sec. 10], Bloch proves the existence of the spectral sequence
Using the localization sequence for higher Chow groups for schemes over a regular noetherian base (see [17] ) and a limit argument, one also gets the existence of the spectral sequence
Setting j = r, and noting that
is surjective for all j (see figure 1 ). This can be seen as follows: Let x ∈ X (d+1) and let y be the generic point of a regular lift Z of x to X which is flat over O K . Now by the Beilinson-Lichtenbaum conjecture (see theorem 3.3),
The assertion now follows from the surjectivity of the map
Remark 2.4.
(1) For similar identifications for X 0 with motivic cohomology see also [22] . (2) In order to show the isomorphism
) integrally, one would need to show the Gersten conjecture for a henselian DVR for higher Chow groups, i.e. the exactness of the seuqence for a henselian discrete valuation ring A with field of fractions K and residue field k.
is exact. This follows from the fact that in this case CH r−1 (Speck, Z/p r Z, q−1) = 0 for r = q by [10, Thm. 1.1] and that
is surjective which implies that the long exact localization sequence
Relation with Kato complexes
In this section we recall some facts about the Kato conjectures which we will need in the following sections.
Let X be an excellent scheme. In [13] , Kato defines the following complexes:
Here the term ⊕ x∈Xa H i+a+1 (k(x), Z/n(i+a)) is placed in degree a. We denote the homology of C i n (X) in degree a by KH i a (X, Z/nZ). The complex C 0 n (X) for a proper smooth scheme X over a finite field or the ring of integers in a 1-local field is the subject of the study of the Kato conjectures. The Kato conjectures say the following and have been fully proved by Jannsen, Kerz and Saito (see [16] ): 
More presicely, they show that there is an exaxt sequence
This sequence is a tool to deduce finiteness results for higher zero cycles with finite coefficients from the Kato conjectures. The proof of the exactness of (3.1) uses the coniveau spectral sequence for the domain and target of ρ r,q X and the following theorem of Voevodsky: Theorem 3.3. (Beilinson-Lichtenbaum conjecture, see [26] ) Let X be a smooth scheme over a field. Then the étale cycle map
We recall the following proposition from [15, Prop. 9.1]:
Proposition 3.4. Let X be a proper smooth scheme over a finite or algebraically closed field. Then the étale cycle map
is an isomorphism for all j ≥ d and all a except possibly if k is finite, j = d and a = −1.
In particular, the groups
Proof. We consider the spectral sequences CH E p,q which by theorem 3.3 is an isomorphism for q ≤ −j. By cohomological dimension, the difference between the two spectral sequences is given by
which is equal to the zero-complex by cohomological dimension under the assumption of j > d or that k is an algebraically closed field because of cohomological dimension. If
is exact except for possibly the last term on the right due to conjecture 3.1.
We now turn to the arithmetic case (see also [16, Sec. 9] 
and for j > d + 1, there are isomorphisms
Proof. We keep the notation of the proof of proposition 3.4. Like there, we get a map of spectral sequences ρ r,q
which by theorem 3.3 is an isomorphism for q ≤ −j. The difference between the two spectral sequences is given by Remark 3.6. For X be a scheme over an excellent henselian discrete valuation ring with finite field and j = d, we are in the situation of [23] which is more complex since there are two rows ( ét E
•,j+1 1 = C −1 n (X) and ét E
•,j+2 1 ) which might not be quasi-isomorphic to zero. In [23] Saito and Sato show that KH −1 a (X, Q n /Z n ) = 0 for a = 2, 3. We keep the notation of proposition 3.5. It follows from conjecture 3.2 that
is an isomorphism for all a. In the next section, we generalise this result for a = 1 to arbitrary perfect residue fields. It remains an open problem if res CH : CH d+1 (X, a) Λ → CH d+1 (X 0 , a) Λ is an isomorphism for arbitrary perfect residue fields for all a.
Main theorem
We keep the notation of the introduction. In this section we prove theorem 1.1 of the introduction. By the identifications of proposition 2.3, this comes down to studying the following commutative diagram: 
We first note the surjectivity of res CH resp. res.
Proposition 4.1. The specialisation map
is surjective for all j.
be the generic point of a lift Z of x which intersects X 0 transversally in x. Let A be the stalk of Z at y and denote by u i ∈ A × a lift ofū i to the units of A. Then res({u 1 , ...,
. In particular, there is a well-defined map
Proof. We start with the case of relative dimension d = 1. Let Λ := Z/n and Λ(q) := µ ⊗q n . We consider the coniveau spectral sequence
ét (X, Λ(j)) for X and X 0 respectively (see figure 2 for E 
). The injectivity in the second case, i.e. for X 0 , is trivial since we just have two non-trivial columns for dimensional reasons. In the first case, we have three columns but E 2,j 2 (X, Λ(c)) is equal to zero for all j since the map
is surjective by the same arguments as in the proof of 2.3. The restriction map induces a map between the respective spectral sequences for X and X 0 and therefore a commutative diagram
) whose lower horizontal morphism is an isomorphism by proper base change. It follows that
and α ∈ ker(∂ :
. We may assume that α ∈ ker(res : ⊕ x∈X
be the generic point of a lift Z 1 of x which intersects X 0 transversally in x. We may now assume that α = (α y , α z ) ∈ ker(res :
This follows from the fact that for every z ∈ X (d) , we can lift res(α z ) to an element α y ∈ K M j−d k(y) such that ∂(α y ) = ∂(α z ). This follows from the observation that if ∂(α y ) − ∂(α z ) = {ū 1 , ...,ū j−d−1 } = 0, then choosing u i to be a lift ofū i , for all 1 ≤ i ≤ j − d − 1, which is a unit in the discrete valuation ring associated to k(y), then we can modify α y summandwise by {π, u 1 , ..., u j−d } since res({π, u 1 , ..., u j−d }) = 0 and ∂ ({π, u 1 , . .., u j−d }) = {ū 1 , ...,ū j−d−1 } until we get the claim.
We now apply an idea of Bloch to reduce our situation to the case that Z 1 = {y} intersects X 0 transversally and that Z 2 = {z} is regular (see [8, App.] ). LetZ 2 be the normalisation of Z 2 . Since O K is excellent,Z 2 → Z 2 is finite and projective. This implies that there is an imbeddingZ 2 ֒→ X ′ := X × SpecO K P N such that the following diagram commutes:
′ which has intersection number 1 with X ′ 0 . We denote the generic points ofZ 1 andZ 2 by y ′ and z ′ respectively. Note first now that
and such that, furthermore, we have that pr X ((α ′ y , α z )) = (α y , α z ). It remains to show that (α ′ y , α z ) is in the image of the boundary map
Using a standard norm argument, we may assume that the residue field of SpecO K is infinite. We proceed by an induction on the relative dimension of X over SpecO K . By standard Bertini arguments (see f.e. [15, Sec. 4] or [18, Lem. 2.6]), we can find smooth closed subschemes S 1 , S 2 ⊂ X ′ with the following properties:
(1) S 1 has fiber dimension one, S 2 has fiber dimension d − 1.
consist of reduced points. LetZ 3 denote the component of S 1 ∩ S 2 containing x ′ and let t ′ denote its generic point. Then again there is an
. Now by our induction assumption, both (α ′ y , α t ′ ) and (α x , α t ′ ) map to zero in A 1 (X ′ , j − d − 1) and therefore so does (α ′ y , α z ). Proposition 4.3. The restriction map
Then res • φ = id and since φ is surjective the result follows.
. As in the proof of [23, Lem. 7 .2], we can find a relative surface Z ⊂ X containing x which is regular at x and such that Z ∩ X 0 contains {x} with multiplicity 1. Let Z 0 be the special fiber of Z and denote by ∪ i∈I Z The surjectivity of φ follows from the surjectivity of φ which follows from key lemma 4.2: Let α ∈ A 1 (X, j − d − 1). By arguments as in the last paragraph, one sees that Z
. Then, by key lemma 4.2, we have that α ≡ α ′ ∈ A 1 (X, j − d − 1).
Applications
We list some applications of proposition 4.3:
Corollary 5.1. Let X be a smooth projective scheme of relative dimension d over an excellent henselian discrete valuation ring O K with finite or algebraically closed residue field. Then
Proof. Consider the diagram
. The left vertical isomorphism follows from proposition 4.3, the lower horizontal isomorphism from proposition 3.4 and the right vertical isomorphism from proper base change. This implies that ρ
Corollary 5.2. Let X K be a smooth projective scheme of dimension d over a local field K with good reduction. Then the groups
Proof. Consider the localisation sequence
By proposition 4.3 and proposition 3.4, the groups CH j (X, j − d) Λ are finite for all j and vanish for j ≥ d + 2. By proposition 3.4, the groups CH j−1 (X 0 , j − d − 1) Λ are finite for all j and vanish for j ≥ d + 3. This implies that CH j (X K , j − d) Λ is finite for all j, vanishes for j ≥ d + 3.
Torsion for zero-cycles with coefficients in Milnor K-theory
In this section we prove finiteness theorems for torsion subgroups of some higher Chow groups of zero-cycles with coefficients in Milnor K-theory for smooth (projective) schemes over p-adic local fields and finite fields. These theorems generealise results of [5] (see also [6] ) and [24] . Many of the proofs are very similar. Notation 6.1. For an abelian groups A we denote by A[n] the kernel of the multiplication by n. For a prime l we denote by A{l} the l-primary torsion subgroups of A and by A tors the entire torsion subgroup of A.
For X a scheme we denote by H q (µ ⊗m n ) the Zariski sheaf associated to the presheaf U → H q (U, µ ⊗m n ). Let X be a smooth variety over a field. Recall that by [3] the Leray spectral sequence associated to the morphism of sites X ét → X Zar → Speck
⊗m n ) and the coniveau spectral sequence
agree from E 2 onwards and that therefore in particular
Proposition 6.2. Let S be a smooth surface over a field k. Let n > 0 be a natural number prime to the characteristic of k. Then for all j ≥ 0 we have the following diagramm:
In particular, if k is either separably closed, local of dimension 1 or finite, then the groups
are finite and the groups CH 2+j (S, j){n} are subquotients of H 3+j ét (X, Q n /Z n (2 + j)). Proof. By proposition 2.3, we know that H 2 (S, K M 2+j ) ∼ = CH 2+j (S, j) and therefore that
By the Bloch-Kato conjecture (see [26] ), we have an isomorphism
in the Zariski topology. Since dim(S) = 2, we have that H 1 (S, H 2+j (µ (1) The case j = 0 of proposition 6.2 was shown in [5] and [6] . The case j = 1 was shown in [24] . (2) Let X be a smooth projective scheme of dimension d over a p-adic field K. In [1, Sec. 1, Sec. 5], Asakura and Saito show that neither the groups CH d (X) tors nor the groups CH d+1 (X, 1) tors may be expected to be finite. (3) It would be interesting to have a conjecture on the expected structure of CH j (X, j− d)
∧p , the p-completion of CH j (X, j −d), for X a variety over a p-adic field for j > 0. For proper smooth schemes one can generalise the above proposition for j ≥ 1 to arbitrary dimension: Proposition 6.4. Let X be a smooth and proper scheme over a local field K. Let n > 0 be a natural number prime to the characteristic of K. Then for all j ≥ 1 the groups
are finite for i = 2r, 2r + 1 and zero for almost all l (see [5, Remark 6.6. That CH d+1 (X, 1) is torsion is a special case of Parshin's conjecture saying that K i (X) ⊗ Q = 0 for a smooth projective scheme over a finite field if i > 0. Proposition 6.5 says more: CH d+1 (X, 1) is not just torsion but finite.
